A Markov chain model previously applied to the simulation of advection and diffusion process of gaseous contaminants is extended to three-dimensional transport of particulates in indoor environments. The model framework and assumptions are described. The performance of the Markov model is benchmarked against simple conventional models of contaminant transport. The Markov model is able to replicate elutriation predictions of particle deposition with distance from a point source, and the stirred settling of respirable particles. Comparisons with turbulent eddy diffusion models indicate that the Markov model exhibits numerical diffusion in the first seconds after release, but over time accurately predicts mean lateral dispersion. The Markov model exhibits some instability with grid length aspect when turbulence is incorporated by way of the turbulent diffusion coefficient, and advection is present. However, the magnitude of prediction error may be tolerable for some applications and can be avoided by incorporating turbulence by way of fluctuating velocity (e.g. turbulence intensity).
In trod uctIon
Supermicrometer particles, defined here as particles with aerodynamic diameters ≥ 1 µm, in indoor environments are frequently emitted from localized sources: as by-products of industrial process (e.g. grinding activities), through resuspension by human activity (Corsi et al., 2008) , or through coughs and sneezes (Nicas et al., 2005) . Ambient supermicrometer particles have limited penetration into indoor environments due to rapid deposition and filtration in building heating, ventilation and air conditioning systems (Riley et al., 2002) . The predominance of localized indoor sources and rapid loss rates by settling indicate that spatial gradients in particle number concentrations and mass concentrations can be expected in indoor environments. The assessment of human exposures to particles through mathematical models therefore requires a model that represents spatial and temporal variation.
The mathematical modeling of supermicrometer particle transport and fate is a unique challenge relative to modeling of gaseous contaminants and fine particulates for two reasons. First, these larger particles, particularly those outside the respirable range (e.g. ≥10 µm), are subject to gravitational settling (Hinds, 1999) and may not respond to changes in airflow as rapidly as they occur owing to momentum (Crowe et al., 1988 (Crowe et al., , 1993 (Crowe et al., , 1998 . As a result, the particles cannot necessarily be modeled as passive scalars. Second, there are few data with which to evaluate model performance for supermicrometer particles (Sajo et al., 2002; Jones and Nicas, 2009) . Due in part to experimental logistics and to agents of interest, the majority of data appropriate for the evaluation of three-dimensional contaminant transport used gaseous contaminants or fine particulates (e.g. Murakami et al., 1992; Miller and Nazaroff, 2001; Richmond-Bryant et al., 2006a,b; Zhang and Chen, 2006) . Nicas (2000 Nicas ( , 2001 has described a multizone model in which a Markov chain calculates the advective and turbulent diffusive transport of airborne gaseous contaminants in indoor air. The Markov model is intended to bridge the gap of spatial resolution and numerical complexity between computational fluid dynamics and one-and two-zone models, which represent room air as one and two uniformly mixed zones, respectively (Reinke, 2000; Nicas, 2009a) . This approach has the advantage of accessibility, as many scientists and engineers are familiar with Markov chains and advection-diffusion models. Markov chains have previously been applied to a variety of contaminant transport problems (Ghez, 2001; Nicas and Sun, 2006) . Nicas (2010) introduced an extension of the Markov model to particles. Here, the model is (i) more thoroughly developed for application to airborne particulate contaminants, and (ii) benchmarked against several other more conventional models -elutriation, stirred settling, and turbulent eddy diffusion.
M A r kov M odel

Concept
The Markov model uses discrete-time discrete-space Markov chain. Consider an empty room. The room air, and possibly room surfaces, is divided into N exclusive volumes, termed zones or states. These zones are aligned along three orthogonal axes, which, for convenience, we will assume are Cartesian where z is the vertical axis. In a short interval of time, ∆t, there is some probability that a particle will move, or transition, from zone i to any physically contiguous zone j, or remain in zone i. These probabilities are termed one-step transition probabilities, and are presented in a one-step transition probability matrix, P, with dimensions N N × . The entry in the ith row of the jth column, is the probability that a particle moves from zone i to zone j in one-time step, where 0 1 ≤ ≤ P i j , and { , } { , ,..., } i j N = 1 2 . Markov chains are computed over time through the calculation of n-step transition probability matrices. Given that n time steps of length ∆t occur in time T ( / ) n T t = ∆ , the probability that a particle in zone i is in zone j after n time-steps, P i j n .
( ) is the ith entry in the jth row of the n-step transition probability matrix, P n ( ) , where
In the Markov model, the one-step transition probabilities are determined by advection, turbulent diffusion, and gravitational settling acting on particles in zone i. As is common in aerosol physics, these transport mechanism are assumed to act independently (Drossinos and Housiadas, 2006) . Figure 1 illustrates the concept in a two-dimensional frame.
Transport mechanisms
Gravitational settling
Airborne particles rapidly attain a terminal settling velocity, V g , which for particles with aerodynamic diameter, d a , ≥1 µm and normal temperature and pressure is (Hinds, 1999) :
where g is the acceleration due to gravity and η is the dynamic viscosity of air. For smaller particles, the slip correction must be applied. The first-order rate coefficient for loss of particles from the model zone (downwards along the z-axis), is the quotient of the flux through the x-y plane and the zone volume:
Advection Advective airflow is the bulk directional velocity of air. Here, this is described by a field of mean velocity vectors, which may be defined as an ensemble or timeaverage (Kundu and Cohen, 2004) from measured or computational fluid dynamic simulated data. The mean velocity vector in zone i is notated u u v w i i i i = ( , , ). The first-order rate constants at which the particle will leave a zone along each orthogonal axis are defined analogously to gravitational settling and reduce to:
where the subscript denoting zone i has been dropped for visual clarity. The direction of particle loss from zone i along each axis depends upon the sign of the respective velocity component. ). Here we will consider isotropic turbulence defined by D T , such that a particle has equal likelihood of leaving a cubic zone i in any of six directions due to turbulence alone.
Turbulence
On average, the first-order rate constant at which a particle leaves a zone in any one direction is the flux through the respective zone surface. For example, the first-order rate constant at which a particle leaves a zone in one direction along the x-axis is
Along the y-and z-axes, the denominator in equation (7) is replaced by ∆ ∆ x z and ∆ ∆ x y, respectively. Turbulence, however, may also be described by the turbulence intensity, K (%), which is a coefficient of variation, relating fluctuating velocities to the mean airspeed. Fluctuating velocities are the root-meansquare of each component velocity vector, and denoted ( , , ) σ σ σ 
The first-order rate constant at which a particle leaves a zone is calculated analogously to advection, and is equal in the positive and negative direction along each axis:
For isotropic turbulence, K may be defined
100 , where σ s is the fluctuating airspeed (Whicker et al., 2000) . On average, the firstorder rate constant at which a particle leaves a zone in either direction along the x-axis is
Along the y-and z-axes, the denominator is replaced by ∆y and ∆z, respectively.
One-step transition probabilities
Interior zones The rate constants defined for each transport mechanism in each zone [equations (3-7) ] are used to define the one-step transition probabilities. Though we develop the model here using λ D , the process is similar if turbulence is described by λ K . Under the assumption that the transport mechanisms act as independent first-order (exponential) processes, the overall rate constant for particle removal from zone i is the sum of the individual rate constants,
where, 6λ D reflects the fact that turbulent diffusion is a three-dimensional process and particles can leave a zone in either direction parallel to the three axes. The subscript on λ D is dropped because turbulent diffusion measured by D T is treated as isotropic. The probability that a particle does not leave the zone in the interval ∆t is
such that the probability that a particle leaves the zone in the interval is the complement, Pr(leave) Pr hold = − 1 ( ) . In matrix notation, Pr hold ( ) , = P i i and Pr( )
The value of Pr leave ( ) can be apportioned based on the direction in which a particle leaves (or apportioned based on the transport mechanisms) using the additive property of first-order rate constants. For example, the probability that a particle leaves zone i for zone j aligned downward along the z-axis ( z -) is
where λ w > 0 if w < 0 and λ w = 0 otherwise; and turbulence is isotropic. Note that the numerator in equation (15) reflects all transport mechanisms acting downward along the z-axis. Similarly, the probability that a particle leaves zone i for zone k, which is aligned along the x-axis in the positive direction, is
where, λ u > 0 if u > 0 and λ u = 0 otherwise; and turbulence is isotropic. Note that the numerator in equation (16) reflects all transport mechanisms acting in the positive direction along the x-axis. Similar probabilities can be formulated in the positive and negative directions along each axis, where movement along the y-axis would involve λ v instead of λ u or λ w .
Air-surface boundary zones When zone i represents air, but is adjacent to surfaces, particle flux toward the surfaces may occur through gravitational settling and surface deposition Nazaroff, 2000, 2005) . Surfaces may be oriented vertically (along the z-axis) or horizontally. Horizontal surfaces may be upward-facing, and receive particle flux through gravitational settling, or may be downward-facing. Flux toward surfaces by advection and turbulence is reflected to the air state (Drivas et al., 1996) . The reflection creates a boundary condition similar to that achieved through the use of ghost points to implement a no-flux boundary condition in computational fluid dynamics simulation.
Let s 1 0 1 5 = … { , , , } be the number of surfaces that receive particle flux from an adjacent zone i through surface deposition only (vertical or downward-facing horizontal surfaces). Let s 2 0 1 = { , } be the number of surfaces that receive particle flux from zone i through gravitational settling and surface deposition (upwardfacing horizontal surfaces). Flux toward these surfaces (s 1 and s 2 ) by advection and turbulence will be reflected. The probability of flux by surface deposition, p dep , is governed by the deposition velocity, which can be estimated from experimental data Nazaroff, 2000, 2005) . The probability of flux by gravitational settling is controlled by V g . Now apportioning Pr leave ( ) based on the transport mechanisms, the probability of a particle leaving zone i due to gravity is expressed Pr leaving by gravity leave
Similarly, the probability of a particle leaving zone i in one direction due to isotropic turbulence is expressed Pr( ) leaving by turbulence P r(leave)
Further, the probability that a particle leaves a zone due to advection, and moves in the direction of a surface is denoted Pr( ) leaving by advection surface → , and calculated as in equations (17) and (18) but with λ u , λ v , and/or λ w in the numerator [equations (4-6)]. Combining these expressions, the probability that particle holds in a zone representing air, zone i, that is adjacent to s 1 and s 2 zones representing surfaces is the sum of the hold probability [equation (14)] and the reflection of advection and turbulence from the surfaces, less the particles lost due to deposition and gravitational settling: e eaving by gravity).
For simulations implemented herein, only flux by gravitational settling was considered: Surface deposition is neglected, p dep = 0 .
Absorbing zones For some zones, there may be no mechanism by which particles may leave, such as surfaces from which particles are not resuspended. These zones are absorbing states, for which Pr( ) hold =1 and Pr( ) leave = 0 . This is equivalent to P i i , = 1 and
Matrix The one-step transition probabilities for each of
zones are assembled in the N N × matrix, P . The P i i , entries contain the probability that a particle remains in zone i in the interval ∆ t , equal to Pr( ) hold . The P i j , entries contain the probability that a particle moves from zone i to zone j. When j is adjacent to i, particle transport may occur between zones and P i j , ≥ 0, otherwise, P i j , = 0. Owing to the dependence of λ g on particle aerodynamic diameter, unique P must be defined for each particle size.
Model assumptions Development and application of the Markov model utilizes a number of assumptions, including: 1. The physical particle diameter must be small relative to the zone length aspect, ∆ x, to ensure that the particle volume is much less than the zone volume. 2. Particles are assumed to be well mixed within each zone. When the scale of local homogeneity, ∆ x, is much smaller than the scale of global inhomogeneity, the room length aspect, the assumption should produce negligible error. 3. The fluid (air) is assumed to be homogeneous and incompressible, which is reasonable for indoor environments designed for human occupancy. 4. Dilute continuum two-phase flow is assumed (Loth, 2000) , such that particleparticle interactions can be excluded. 5. One-way coupling is assumed, such that particles do not influence the fluid motion through the transfer of mass, momentum, or energy (Crowe et al., 1998 pp. 22-34) . 6. Particles are assumed to follow the instantaneous fluid flow, except for deviations induced by gravitational settling and surface deposition; and each transport mechanism acts independently.
Specific numerical criteria for the evaluation of these assumptions are defined in Jones (2008) and are not difficult to meet for anticipated model applications.
Grid selection The grid should be chosen such that physical forces acting on particles do not result in the particle leaving a zone of length aspect ∆ x in less time than ∆t. Thus, a condition analogous to the Courant number (Ferziger and Peric, 2002, p. 144) can be developed:
where, the definition of each λ can be substituted to relate ∆ t to ∆ x and the magnitude of turbulence, terminal settling velocity, and advection. The magnitude of ∆ t is also constrained to be larger than the particle relaxation time, T p , so that particle can be assumed to respond to changes in fluid flow conditions that occur between zones. For particles in the respirable range ( ) d a m ≤ 10 µ , T p~1 0 10 4 9 − − − s, but increases to the order of 10 2 − s for inspirable particles (Hinds, 1999) . The discrete approximation of the diffusion equations requires ∆ t and ∆ x to be chosen such that Pr( )hold 1. This is the most limiting condition.
Guidelines for grid selection may be developed by analogy with stability analysis results from numerical analysis of the three-dimensional advection-diffusion equation for incompressible flow using explicit Euler advancement in time and central differencing in space. The discrete time advancement in the Markov model is analogous to the first-order explicit Euler method because only conditions at time step t i are considered at time step t i+1 . While the Markov model does not use a weighted average to estimate concentrations at a location, the Markov model uses the same stencil employed with central differencing in space, the current and six adjacent zones. Numerical stability analysis gives two useful results. First, from Fourier stability analysis (Ferziger and Peric, 2002) , the bounds for
r / for three-dimensional diffusion and 0 1 4 ≤ ≤ r / for two-dimensional diffusion. This criterion ensures that the contaminant does not leave the zone due to turbulent diffusion in less than ∆ t. Second, analysis of the steady-state advection-diffusion equations gives limits for the grid Peclet number (Bryan et al., 1975) 
The Peclet number compares the rates of advection and turbulent diffusion: For Pe ≤ 2 , the advective flux is less than twice the diffusive flux.
ben ch M A r k M odel s
Traditional elutriation model Elutriation is the process of separating particles by d a in vertical or horizontal laminar flow (Cohen and McCammon, 2001 ). The approach has been used to model the downwind transport of particles in ducts and tunnels (Davies, 1966) . Elutriation is fundamentally a two-dimensional advection model and serves as a benchmark for the Markov model representation of advection and gravitational settling.
Consider a rectangular duct of height H (cm) and infinite length. Elutriation predicts the proportion of particles deposited on the duct floor between the source and some distance x (cm) downwind after infinite time,
where, u (cm s −1
) is the downwind velocity (Davies, 1966) . 1 (in the duct air) may move downwind due to advection (to zone i +1), or deposit onto the duct floor due to gravitational settling (to zone i n + ).
Markov model of elutriation
2 Markov model of elutriation. Shaded boxes, zones n n +1 2 ,..., , represent surfaces, while zones 1,...,n represent air. Transport between zones is by advection u > 0 ( λ u , solid arrows) and gravitational settling ( λ g , dashed arrows). Transport from advection in zone n is reflected by the boundary condition.
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The first-order rate constants by which particles leave due to advection and gravitational settling are
representing air, the one-step transition probabilities given a time step of ∆ t (s) are:
and
. For zone i n = , the reflective boundary condition is applied for advection, as in equation (19). For zones i n n n = + + … { , , , } 1 2 2 representing the duct floor, particles are considered absorbed, such that P i i , = 1 and P i j , = 0 for j i ≠ . . Both models estimate the proportion or probability of particles deposited, so a single particle was assumed emitted at time t = 0 at x = 0 or zone i = 1 in the traditional and Markov models of elutriation, respectively. The duct dimensions were: height of H =1 cm and length of X = 2000 cm. The Markov model was computed for T = 5000 s, with ∆ t = 0 001 . s and ∆ x =1 cm. The proportion of particles emitted that deposit on the duct floor between the source and distance x is calculated:
Elutriation model simulation and comparison
where m is the zone representing the duct floor at x cm from the source, m n x = +( /∆ x) .
Traditional stirred settling model In stirred settling, particles are removed from air at an exponential rate, and particles remain uniformly mixed at all heights owing to high levels of turbulence (Davies, 1966) . The particle concentration in air is a function of time and room height,
where C 0 is the particle concentration at t = 0. The fraction of particles initially present which remain suspended in air at time t equals C t C ( )/ 0 . Stirred settling serves as a benchmark for the Markov model representation of turbulence and gravitational settling in one-dimension. and turbulent diffusion, and upwards from zone i to zone i +1 due to turbulent diffusion. The firstorder rate constants by which particles leave due to gravitational settling and turbulent diffusion are
Markov model of stirred settling
where D T is isotropic and λ D applies in the upward and downward directions. Using the rate constants, the one-step transition probabilities for a time step of length ∆ t (s) are:
where the factor 2 reflects that turbulent diffusion is equally likely to result in transport in either direction. For air zones adjacent to solid boundaries, zones i = 1 and i N = , turbulent diffusion is reflected from the boundary, as in equation (19).
Stirred settling model simulation and comparison
The traditional and Markov models of stirred settling were compared for d a m = { , , , } 1 5 10 20 µ , and a room of height H = 300 cm. A total of 10 000 particles were assumed present in the air. For the traditional stirred settling model, this means C 0 10000 = . For the Markov model, the particles were divided equally among the model zones representing room air. The Markov model assumed ∆ ∆ ∆ z x y = = = 30 cm, such that 10 zones represent the room air (10 300 ×∆z = cm). An additional zone represented the room floor, giving N = 11 zones. The Markov model was computed for 600 s with ∆ t = 0 001 . s. Turbulent diffusion coefficients over the range of 100-10 000 cm 2 s −1
were tested. For reference, D T has been found to range 16-1920 cm 2 s −1 (Nicas, 2009b) . Dividing the C 0 particles among the 10 Markov model zones representing air means M 0 1000 = particles were present in each zone representing air at t = 0 s. The number of particles in zone j at time t seconds (t ≤ 600 s) accounts for particles moving from each of the i N = 2 3 , ,..., zones to zone j:
The fraction of particles initially present that remain suspended in air at time t equals
The models were compared based on the number particles remaining suspended in air at one minute intervals. The uniformity of particle concentration in the Markov model was evaluated using the coefficient of variation of particles in each zone at t =10 min.
Traditional turbulent eddy diffusion model The traditional model of spherical turbulent diffusion from a pulse point source release at time t = 0, located at the coordinate origin ( , , ) ( , , ) ( , , )
x y z x y z = =
where r d is the radial distance of ( , , ) x y z from the origin.
Markov model of turbulent eddy diffusion
The Markov model was implemented in two-dimensions, to simulate lateral dispersion. The model domain was X = 300 cm, Y = 400 cm, with ∆ ∆ x y = =10 cm. This gives 30 zones representing air along the x-axis, and 40 zones representing air along the y-axis. Adding vertical surfaces as boundary conditions gives For air zones not adjacent to solid boundaries, particles may move in either of four directions along the x-and y-axes due to turbulent diffusion. The firstorder rate constant by which particles leave in a direction due to turbulent diffusion is λ D D x = T /( ) ∆ 2 . Advection, in some simulations, is parallel to y and has a first-order rate constant λ v v x = /∆ . For air zones adjacent to solid boundaries, turbulent diffusion and advection, if applicable, are reflected as in equation (19). Zones representing surfaces are treated as absorbing states. Turbulent eddy diffusion model simulation and comparison The traditional and Markov models of turbulent eddy diffusion were compared using mean lateral dispersion, D, from the origin, ( , , ) x y z 0 0 0 in the x-y plane. The centroid of each Markov model zone was equated with Cartesian coordinates: The centroid of Markov model zone i has coordinates ( , , )
x y z i i i . For the Markov model with n zones in the x-y plane (z z = 0 ), D is calculated for particle dispersion at time t after emission at the origin:
where C t i ( ) is the particle concentration in zone i at time t. For the turbulent eddy diffusion model, D t ( ) was calculated using the coordinates associated with each of the n model zones in the above equation, and C t i ( ) predicted by equation (32). The traditional and Markov model assumed a bolus point-source release of one particle at the origin. r e sults Elutriation The probability of particle deposition as a function of downwind distance from the source is shown for both the Markov and traditional elutriation models in Fig. 4a ,b for several particle sizes and advective velocities 10 cm s −1 and 100 cm s −1
, respectively. The predictions of the two models are indistinguishable.
Stirred settling
The traditional stirred settling model is not defined for specific ranges of particle size or turbulence. Stirred settling may not occur for all particle sizes because the turbulent mixing may not be sufficient in indoor environments to overcome gravitational settling. This event is captured by the Markov model. For example, Fig. 5a indicates that the number of particles remaining suspended in air after 600 s is underpredicted by the Markov model relative to stirred settling for nonrespirable particles under conditions of low-to-modest turbulence. Under conditions for which the Markov model reproduces the number of particles remaining suspended air predicted by stirred settling, the Markov model predicts uniform distributions of particles in air, indicated by the low coefficient of variation in particle numbers been Markov model zones (Fig. 5b) .
Turbulent eddy diffusion
The mean lateral dispersion predicted by the Markov and turbulent eddy diffusion models, calculated using the Markov model grid points, is nearly identical (Fig. 6) . Deviation in the first seconds after the release is due to numerical diffusion in the Markov grid. Deviation in the last few seconds of the simulation period for D T = 4 cm 2 s −1 is due to the inclusion of reflection from the edge of the simulation domain in the Markov model, while the turbulent eddy diffusion model was implemented with an infinite domain (no reflection). Figure 7 shows that changing the grid aspect measurably impacts the Markov model predictions of mean lateral dispersion when both advection and turbulence, defined by D T , are included, but not in models with turbulence alone. The percent difference in mean lateral dispersion introduced by the change in grid length aspect is 5-9% for D T values tested (Fig. 7a,b) . The magnitude of this difference does not change substantially with continued simulation duration. The results are not measurably impacted by changes in the time interval (∆t equal to 0.01, 0.05, and 0.1 s tested, data not shown).
Grid stability
There are two reasons that the Markov model shows grid instability in this instance. First, because turbulence was specified by the flux D T , equation (7) indicates that the first-order rate constant λ D is inversely proportional to ∆ x 2 , whereas the firstorder rate constants for advective processes-λ u , λ v , λ w , and λ g -are inversely proportional to ∆ x [equations (3-6)]. Thus, changes in ∆ x change the magnitude of λ D relative to the magnitude of λ u , etc. This source of grid instability, however, is mitigated when turbulence is specified as fluctuating velocity or speed (e.g. turbulence intensity, K ) as the first-order rate constant λ K varies inversely with ∆ x, just like the advection-and settling-related rate constants.
The second, more general, reason that the Markov model shows grid instability is numerical diffusion. Numerical diffusion is enabled in the Markov model by the assumption that particles are assumed uniformly mixed within a zone: As ∆ x increases, the distance that a particle may instantaneously effectively travel owing to uniform mixing is larger even though the particle is subject to the same transport processes. Numerically, this means that the probability of moving a distance X is greater when ∆ x is larger. The observed phenomenon may be related in part to the discretization of continuous transport processes, though the Markov model does not introduce error through the explicit truncation of Taylor series (Ferziger and Peric, 2002) .
The influence of grid instability on predicted particle transport varies with the relative magnitudes of grid size, advection, and turbulent diffusion; and the acceptability of error introduced depends upon study objectives. The performance of the Markov model with respect to elutriation (Fig. 4) , stirred settling (Fig. 5) , and turbulent eddy diffusion (Fig. 6 ) was obtained with grid length aspects chosen for convenience and to meet grid selection criteria.
A B 4 Probability of particle deposition with distance downwind from the source predicted by the Markov and traditional (Elute) models of elutriation as a function of aerodynamic particle diameter, d , and advective velocity, (a) 10 cm s −1 and (b) 100 cm s −1
.
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dIscuss Ion Markov chains offer a flexible method for the simulation of contaminant transport in indoor air. Here we have demonstrated how turbulent diffusion, advection, and particle settling are incorporated into the model. Theoretically, the method can reflect spatial and temporal variation in turbulent diffusion and advection, and this is taken up in the companion paper where the Markov model is evaluated with experimental data of particle transport and fate. The Markov model, however, does not inform the modeler with respect to the input values of turbulence and advection. This is in contrast to computational fluid dynamics (CFD) modeling of room air flows, which estimates the velocity and turbulence at different positions. Values generated by computational fluid dynamics may be utilized as inputs to the Markov model, to define the first-order rate constants. Chen et al. (2013) have pursued this idea, constructing a Markov chain model similar to the model in this work parameterized with CFD-simulated advection and diffusion data: This approach performed similarly to a strictly CFD-based simulation, but saved computational time.
A limitation to the Markov model is that the transport of polydispersed particulates must be modeled separately for different particle size bins, due to the dependency of terminal settling velocity on particle sizes. Changing particle size and number can be incorporated in the Markov model, but may quickly yield a cumbersome series of one-step transition probability matrices.
The primary limitation identified for Markov model implementation is dependence of predictions upon grid size selection, when turbulence is parameterized using the turbulent diffusion coefficient, D T . Even when grid parameters ∆ t and ∆ x are selected to meet all grid selection guidance, changes in ∆x influence Markov model predictions in this instance. The magnitude of error introduced from this grid instability, however, may be tolerable in some applications. An alternative approach, which avoids the grid instability, is to describe turbulence using turbulence intensity. Turbulence intensity has the additional advantage of being more readily measured in the field.
The turbulent diffusion coefficient and the velocity fluctuations used to determine turbulence intensity are linked by a time-scale or length-scale in indoor environments, so it should be possible to relate the two parameters and yield the same dispersion model results. The relationship between D T and K, however, is difficult to determine in the field owing to measurement challenges, particularly in the quantification of D T . Improving measurement of D T and interpretation of measured fluctuating velocities and K is an area of research that would contribute substantially to improvements in contaminant transport modeling.
The benchmarking of the Markov model is one step in the process of model evaluation. We found the Markov model to replicate: (i) elutriation, a twodimensional advection model, (ii) stirred settling of respirable particles, a one-dimensional advectionturbulence model, and (iii) turbulent eddy diffusion, a two-dimensional turbulence model. There is some evidence of numerical diffusion in the Markov model during the first seconds after a bolus point-source release (Fig. 6 ), which is due to the assumption that contaminant is instantaneously well mixed within each model zone.
con clus Ion
We have demonstrated that the Markov model of contaminant transport can replicate the standard models of elutriation, stirred settling, and turbulent eddy .
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diffusion. This step in the process of model evaluation indicates that the Markov model represents transport processes with fidelity, and warrants further evaluation with experimental particulate fate and transport data.
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